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Abstract 

In this paper we mainly investigate the Cauchy problem of a two-component Novikov sys¬ 
tem. We first prove the local well-posedness of the system in Besov spaces Bp “ 1 x Bp r with 
p,r G [l,oo], s > max{l + -, §} by using the Littlewood-Paley theory and transport equations 

theory. Then, by virtue of logarithmic interpolation inequalities and the Osgood lemma, we es- 

i 1 

tablish the local well-posedness of the system in the critical Besov space B 2 2 i x &2 1 - Moreover, 
we present two blow-up criteria for the system by making use of the conservation laws. 
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1 Introduction 


In this paper we consider the Cauchy problem for the following two-component Novikov system: 

Pt = p x u 2 + puu x , 
mt = 3 u x um + u 2 m x — p(up) x , 


( 1 . 1 ) 


m = u — u r 


p\t =0 — Po, TTl\t=0 — mo- 


This system was proposed by Popowicz in [39], in which the author verified that (1.1) has a Hamiltonian 
structure as follows [39]: 



where H = i f R mu — p 2 dx and 


K, = 


' p 1 dp 2 (d 3 — Ad x ) 1 p 2 dp 1 3 p 1 dp 2 (d 3 — Ad x ) 

2>mid{d 3 — 4 d x )~ 1 p 2 dp~ 1 —pdp + 9 m%dmi(d 3 — 4 d x )~ 1 midmi^ 

Note that G(x) = is the kernel of (1 — d 2 )~ x . Then G * m = u and the system (1.1) can be 

expressed as the following hyperbolic type: 

pt = p x u 2 + puu x , 

(1.2) u t = u 2 u x + d x G * {u 3 + \uu 2 x - \up 2 ) + \G * - u x p 2 ), 

p\t=o = Po, u\t=o = Uq. 

By setting p = 0, the system (1.1) reduces to 


(1.3) 


mt = 3u x um + u 2 m x , m = u — u xx , 


which is nothing but the famous Novikov equation derived in [3B]. It was showed that (1.3) possesses a 
bi-Hamiltonian structure and an infinite sequence of conserved quantities in [Mj. Moreover, it admits 
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exact peakon solutions u(t,x) = ± v /cel x_c *l with c > 0. It is worth mentioning that the peakons 
are solitons and present the characteristic singularity of greatest height and largest amplitude, which 
arise as solutions to the free-boundary problem for incompressible Euler equations over a flat bed, cf. 
the discussions in [10; id [16] 05]. The above properties imply that peakons can be regarded as good 
approximations to exact solutions of the governing equations for water waves. 

The local wcll-posedness for (1.3) was studied in 07] 08] [50] Ell ■ Concretely, for initial profile 
uq € H S (R) with s > |, it was shown in [47] [5l] that (1.3) has a unique solution in C([0, T); 7J S (R)). 
Moveover, the local well-posedness for (1.3) in Besov spaces C([0, T); Bp r (R)) with s > max(|, 1 + i) 
was proved in [48] [50] . The global existence of strong solutions were established in [47] under some 
sign conditions and the blow-up phenomena of the strong solutions were shown in [511 . The global 
weak solutions for (1.3) were studied in [37] 06]. 

The early motivation to investigate the Novikov equation is that it can be regarded as a general¬ 
ization of the well-known Camassa-Holm equation (CH) [4] fl8]: 

(1.4) mt + 2 m x u + mu x = 0, m = u — u xx . 

The most difference between the Novikov equation and the Camassa-Holm equation is that the former 
has cubic nonlinearity and the latter has quadratic nonlinearity. 

The Camassa-Holm equation was derived as a model for shallow water waves mm- It has been 
investigated extensively because of its great physical significance in the past two decades. The CH 
equation has a bi-Hamiltonian structure Etna and is completely integrable HCDES. The solitary wave 
solutions of the CH equation were considered in 010, where the authors showed that the CH equation 
possesses peakon solutions of the form Ce~^ x ~ ct ^. Constantin and Strauss verified that the peakon 
solutions of the CH equation are orbitally stable in [21] • This means that the shape of soliton is stable. 
This equation attracted attention also in the context of the relevance of integrable equations to the 
modelling of tsunami waves, cf. the discussions in HU 07] [35101102], Also, an aspect of considerable 
interest is the finite/infinite propagation speed associated to the solutions of the equation, see e.g. 
0 [25]. 

The local well-posedness for the CH equation was studied in man EH [30] . Concretely, for 
initial profiles u o 6 H S (R) with s > |, it was shown in 02] m 00] that the CH equation has a unique 
solution in C([0, T); H S (M.)). Moveover, the local well-posedness for the CH equation in Besov spaces 
C([0, T);Bp r ( R)) with s > max(|, 1 + i) was proved in [23]. The global existence of strong solutions 
were established in 00103] under some sign conditions and it was shown in 0010101 that the 
solutions will blow up in finite time when the slope of initial data was bounded by a negative quantity. 
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The global weak solutions for the CH equation were studied in [20] and [49]. The global conservative 
and dissipative solutions of CH equation were presented in [5] and [3], respectively. 

The one popular two-component generalization of the Camassa-Holm equation is the following 
integrable two-component Camassa-Holm shallow water system (2CH) [22]: 


(1.5) 


nrit + um x + 2 u x m + crpp x = 0, 
p t + ( up) x = 0, 


where m = u — u xx and a = ±1. Local well-posedness for (2CH) with the initial data in Sobolev spaces 
and in Besov spaces were established in [22} IMl [32]. The blow-up phenomena and global existence of 
strong solutions to (2CH) in Sobolev spaces were derived in [Ml HU 22]. The existence of global weak 
solutions for (2CH) with cr = 1 was investigated in [30] ■ 

The other one is the modified two-component Camassa-Holm system (M2CH) [33] : 


( 1 . 6 ) 


{ m t + um x + 2u x m + crpp x = 0, 
Pt + ( up) x = 0, 


where m = u — u xx , p = (1 — d 2 )(j> — p 0 ) and a = ±1. Local well-posedness for (M2CH) with the initial 
data in Sobolev spaces and in Besov spaces were established in [M] and :52] respectively. Blow up 
phenomena of strong solution to (M2CH) were derived in [29] ■ The existence of global weak solutions 
for (M2CH) with a = 1 was investigated in [3TJ. The global conservative and dissipative solutions of 
(M2CH) equation was proposed in [43] and [44] respectively. 

To our best knowledge, the Cauchy problem of (1.2) has not been studied yet. In this paper 
we first investigate the local well-posedness of (1.2) with initial data in Besov spaces B p” 1 x r 
with s > max{|,l + ^}. The main idea is based on the Littlewood-Paley theory and transport 

1 3 

equations theory. Then, we study the local well-posedness in the critical space B 2 x x B 2 1 . We use the 

Friedrich’s method to construct a sequence (/5 n ,u n ) to approach the solution. It seems that one can’t 

_i 1 

obtain ( p n ,u n ) is a Cauchy sequence in B 2 x 2 x B 21 as usual. By virtue of logarithmic interpolation 

_ i i 

inequalities and the Osgood lemma, we deduce that ( p n ,u n ) is a Cauchy sequence in B 2 ^ x B 2 oa . 
_1 

Since the space B 2 has low regularity, it follows that there are a lot of troubles when dealing with the 
nonlinear term. However, making good use of Bony’s decomposition we can overcome these difficulties. 
Finally, we present two blow-up criteria with the help of the ordinary differential equation for the flow 
generated by —u 2 (t,x). 

The paper is organized as follows. In Section 2 we introduce some preliminaries which will be used 
in sequel. In Section 3 we prove the local well-posedness of (1.2) by using Littlewood-Paley theory 


4 




2 PRELIMINARIES 


and transport equations theory. Moreover, by virtue of logarithmic interpolation inequalities and the 
Osgood lemma, we show the local well-posedness of (1.2) in the critical space. Section 4 is devoted to 
the study of two blow-up criteria for strong solutions to (1.2). 

2 Preliminaries 

In this section, we first recall the Littlewood-Paley decomposition and Besov spaces (for more details 
to see ffl)- Let C be the annulus {£ £ R d || < |£| < |}. There exist radial functions x and <p, valued 
in the interval [0,1], belonging respectively to V(B(0, |)) and V(C), and such that 

x(0 + 5>( 2-i £) = 1 » 

j> o 

| j — j'\ > 2 => Supp tp( 2 - -'^) D Supp £) = 0, 

j > 1 => Supp x(C) H Supp £) = 0. 

Define the set C = B(0, |) + C. Then we have 

\j-j'\ > 5 =► VC n VC = 0. 

Further, we have 

3 > 0 

Denote T by the Fourier transform and T~ l by its inverse. From now on, we write h = and 

h = T~ x X- The nonhomogeneous dyadic blocks Aj are defined by 

A jU = 0 if j < -2, A^iu = x(D)u = / h(y)u(x - y)dy, 

Jg. d 

and , AjU = <p{2~iD)u = 2^ d f h{Vy)u(x — y)dy if j > 0, 

J R d 

S J U = E A i' u - 
3 '< 3 ~ 1 

The nonhomogeneous Besov spaces are denoted by (R d ), i.e., 

5p,,(R d ) = {«£ 5'|||u|| B , r(R(i) = ( E 2^||A^||^ (Rd) )£ < oo}. 

3 >~ 1 

Next we introduce some useful lemmas and propositions about Besov spaces which will be used in the 
sequel. 
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Proposition 2.1. fTf Let 1 < pi < P 2 < oo and 1 < ri < r 2 < oo, and Zet s be a real number. Then 
we have 

B; uri (R d )^B;: d r ^~^\R d ). 

^/■ s >| ors= |) r = 1, we £/ten /taue 

B^ r (R d ) L°°(R d ). 

Definition 2.2. J7|/ The nonhomogeneous paraproduct of v and u is defined by 

T u v = Sj-iuAjV. 

3 

The nonhomogeneous remainder of v and u is defined by 

R(u,v) = AkuAjV. 

\k-j\<i 

We have the following Bony decomposition 

uv = T u v + R(u, v ) + T v u. 

Proposition 2.3. J7|/ For any couple of real numbers (s, t) with t negative and any ( p , ri, r 2 ) in [1, oo] 3 , 
there exists a constant C such that: 

ll^“ W II.B|+ t (R' i ) — < ^ll' U ll-BL,r 1 ( R ‘ i )ll^ (R d )’ 

where r = mini 1, — + — ). 

L t n r 2 J 

Proposition 2.4. \Tj A constant C exists which satisfies the following inequalities. Let (si,S 2 ) be in 
M 2 and {pi,P 2 Ni^ r 2 ) be in [l,oo] 4 . Assume that 

111 ,111 

- =-1- and — = -1-. 

p Pi P2 r n T2 

If s i + S 2 > 0, then we have, for any (u,v) in Bff iri x S®* , 

(^Si+S 2 + l 

||i?(n,n)|| B n+ Ii 2 (R d ) < Si + S2 ll^llSpJ )ri (R d ) Il^lli?p2,r2 (R d ) * 

If r = 1 and si + S 2 = 0, then we have, for any (it, v) in ,B®J x B ®^ ra , 

u )lls0 oo (R‘ i ) < C|| u llB®J it . 1 (R‘*)ll t, llB®* ir3 (R<*)- 


6 




2 PRELIMINARIES 


Corollary 2.5. flj/ For any positive real number s and any ( p,r ) in [l,oo] 2 , the space L°°(R rf ) D 
Bp r (K d ) is an algebra, and a constant C exists such that 

ll m; llB| ir (R d ) < C , (ll u llL“(R' i )ll w llB“ ir ,(R‘ i ) + ll^lls® r (R d ) 11 ^ 11 (K d )) ■ 

If s > - or s = r = 1, then we have 

ll MW ll-B| !T .(R d ) < C'll u lls| ir (M‘ J )lkllB« |r (R‘ i )- 

Lemma 2.6. |7J/ Let o > 0, 1 < r < oo and 1 < p < p\ < oo. Let v be a vector field over R d . Define 
Rj = [v ■ V. A j]f. There exists a constant C such that 


||(2 J ' 0 '||i?j|| iI .( R d))j||jr < C'(||Vt;||^( Rd )||/|| BpV ( R ,) + ||V/||i,P2(R<i)||V?;|| B ^-i( R d)), 
where — = - ——. Further, if o < 1 then 

P2 p pi ’ J 

||(2 JCT ||-R i || i p( R d))j||ir < C7||v«IU-(R-)II/II r (R-) - 

Lemma 2.7. (Morse-type estimate, mm) Let a > max{^,|} and ( p,r) in [l,oo] 2 . For any a £ 
Bp~ 1 (Mr) and b £ Bp r (M. d ), there exists a constant C such that 


ll a ^ll-Bp,7 1 (R d ) — ^ , H a llsp,7 1 (R‘ i )ll^ll-B^ r (R d )- 

1 

The following two lemmas are crucial to study well-posedness in the critical space i? 2 2 1 (R). 

_1 1 

Lemma 2.8. For any a £ B 2 ^(R) and b £ B 21 (M.), there exists a constant C such that 


Proof. Using Bony’s 
we deduce that 


a&|| i < C'Holl _i 


= (R) 


S2,i(«) BfJ R) 


decomposition, we have ab = T a b + T^a + R(a , b ). By virtue of Proposition 12.31 


A c 'll a lls-i 00 (R)l 


d 2,1 


1 < C'llall _1 llbll 1 

5 s^(r) 


and 


s C' ||6 | U~(k) || »H b -4 CI[ , < c MI„-i, 


B|i( 


Taking advantage of Proposition ^. 41 we infer that 


||-R(a,b)|| i < 11^(0,6)1150^^) < CHall i 


b 2 ,^(R) b 2 2 i(R) 


□ 
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Lemma 2.9. (JJjj) Let f be a smooth function on R d . Assume that f is homogeneous of degree m 
away from a neighborhood of 0. Let s£l and ( p,r ) £ [l,oo]. There exists a constant C such that 


I \[Ta,f{D)Ml 


< C\\Va\\ L ~\\u\\Bs. 


Lemma 2.10. 


For any f G Bf 1 (R.), there exists a constant C such that 


BlA 


< < 211/11 , 


In ( e + 


3 


Remark 2.11. JTf Let s£K,l<p,r< oo, the following properties hold true, 
(i) r (R d ) is a Banach space and continuously embedding into S'(M. d ), where S' 
of the Schwartz space iS(R d ). 


is the dual space 


(• ii ) Ifp,r < oo, then 


is dense in Bp r 


(Hi) If u n is a bounded sequence of Bp r (R d ), then an element u € Bp r (R d ) and a subsequence u nk 
exist such that 

lim u nk = u in S'(R d ) and ||u|| B » < Climinf \\u nfc || B » fR d). 

k-¥o o p ’ r k—yoo p ' rv ' 

(iv) B^ 2 (R d ) = H s (R d ). 

The following Osgood lemma appears as a substitution for Gronwall’s lemma. 

Lemma 2 . 12 . (Osgood’s lemma, JTj) Let p > 0 be a measurable function, 7 > 0 be a locally integrable 
function and p be a continuous and increasing function. Assume that, for some nonnegative real 
number c, the function p satisfies 

p(t)<c+f 7 (t')p(p(t'))dt’. 

Jto 


If c> 0, then —A4(p(t)) + M(c) < f 7 {ft r )dt f with M(x) = f 

J to J X 

rl dr 


1 dr 


If c = 0 and p satisfies the condition 


P(r) 


p(r)' 

= + 00 , then the function p = 0 . 


Remark 2.13. In this paper, we set p(r) = r(l — lnr) which satisfies the condition / 

Jo 

A simple calculation shows that A4(x ) = ln(l — lnx). Then, we deduce that 

exp / —7 (t')dt 

\ J to 


1 dr 
p(r) 


= +oo. 


Pit) < 


if c > 0 . 


Now we introduce a priori estimates for the following transport equation 

f t + vVf = g, 


( 2 . 1 ) 


/|t=o — /o- 
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Lemma 2.14. (A priori estimates in Besov spaces, W) Let 1 < p < pi < oo, 1 < r < oo, er > 

—dmin(A-, y). For the solution f € L°°(0, T; B^ r (M. d )) of (2.1) with the velocity Vu £ L 1 (0, T; r (R d )n 
L°°(R d )), the initial data fo £ -Bp r (]R d ) and g £ L 1 (0,T; Bp r (M d )), we have 

( 2 - 2 ) ll/( i )lls^ r (R‘ i ) < ll/o||s^ r (R<J) + J IIBp r (R rf ) L CV pi (^)||/(^')lli?p ir .(R rf )^ dt', 

(2-3) ll/llL t =°(Bj ir (R‘ i )) < ^ll/o||s^ r (Rrf) + J e x P(-CV Pl (t'))\\g(t')\\ B * r ( R d-)dt''^ exp(CV Pl (t)), 

where V Pl (t) = f ||Vw|| _d_ if cr < 1 + 

JO Bff 00 (R d )nL°°(R d ) 

u = 1 + — ,r = 1, and C is a constant depending only on a, p , p\ and r. 


£, v P1 (t) = /W 

J 0 


r(R d ) 


if a >1+2L or 

J Pi 


Lemma 2.15. Let 1 < p < oo, 1 < r < oo, a > max(|, ^). For the solution f £ L°°(0,T; B^ r (R)) of 
(2.1) with the velocity v £ L 1 (0,T; Bp+ 1 (R)), the initial data fo £ B p<r { R) and g £ L 1 (0, T; Bp r (R d )), 
we have 

(2-4) ll/lli°°(s-- 1 (K)) < (h/oIIb'- 1 ^) + J q exp (—CV(t'))\\g(t')\\ B a- i (R) dt^j exp (CV(t)), 

where V(t) = / ||r> IIb^+^r) an d C is a constant depending only on a , p and r. 

J 0 

Proof. Applying A = (1 — 9xx) _1 to both sides of (2.1) with d = 1 yields that 
(A f) t + v{Af) x = A g + v(Af) x - d x A(vf) + A(v x f). 


Taking advantage of Lemma 12.141 we obtain that 

(2.5) < C'llA/H B a+i < Cexp(Cy(t))|||A/ 0 || B .+ 1 +£exp(-C'^(t'))[||A 5 (f')ll B? + 1 

+ ||w(A/) x - d x A(vf)\\ B *+i + ||A(wx/)|| B ^+i]dt'| 

< C exp(C'F(t ))|||/ 0 || B *-i + exp(-Cl / (t , ))[||ff(^)llB^ 1 (R) + IK/lls-y 1 

+ \\v(Af) x - d x A(vf)\\ B «+i]dt'^. 

By virtue of Lemma 12.71 we have 


( 2 . 6 ) 


ll^/llsjy 1 — C|I w x||b", 


— C\\v\\ Bpf 1 1 


Note that v(Af) x -d x A(vf) = T v (Af) x + T^ Af)x v + R(v, (Af) x )-d x A(T v f)-d x A(T f v)-d x A(R(f,v)). 
In view of Proposition ^. 31 and 12.41 we have 


(2.7) 


\ T {M)* V \\bZV < G ll( A /)x|k°°|Mlj 


>cr + l 
*p ,r 


— ^Il/lls^y 1 IMIs^t 1 ’ 
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(2.8) \\R(v,(Af) x )\\ B? +t < C\\v\\ BL J\(Af) x \\ BSir < C\\f\\ K -A\v\\ B ^, 

(2.9) \\d x k(T f v)\\ KV < C\\Tfv\\ B o--i < C'||/|| b -i <x) |H| b -+i < C\\f\\ B; -i\\v\\ BS +i, 

(2.10) \\d x A(R(f,v))\\ B «+i < C\\R(f,v)\\ Blr < CH/IIb.-iIHIbi,^ < C||/|| b? -i||i;|| b j+i. 

Since T v (Af) x — d x A(T v f) = [T v ,A]f, it follows from Lemma [2711 that 

(2.11) \\T v (Af) x - d x A(T v f)\\ B *+i < C\\v x \\ L -\\f\\ B; -i < C\\f\\ K -4v\\ B ,y. 

Plugging (2.6)-(2.11) into (2.5), we deduce that 

(2.12) ||/|| B? -1 < Cexp(cy(t)){||/ 0 || B .-1 +^ t exp(-cy( 0 )[||sll B -i + M B z + 4f \\ B ^ dt '}’ 


or 


(2.13) exp(-CV(t))||/|| B| -i < C^\\f 0 \\ K ~i + J* exp(-CV{t'))[\\g\\ B .-i + \M K y\\f\\ K -Adt' 


Applying Gronwall’s inequality, we obtain the desire result. 

i+' 


□ 


Lemma 2.16. For the solution f £ L°°(0,T; B p 


of (2.1) with the velocity v £ L 1 (0, T; B p 


2 +± 


1 +— 1 + — 

the initial data fo £ B p , r p (R) and g £ L 1 (0,T; B p , r p (R d )), we have 


(2.14) ||/|| 1+ i < (ll/oll i+i +/ exp(-CV(t , ))||s(OII i+± dA exp(CV(t)), 

LF(B p , r P (R)) V Bp, r P (R) Jo B Pi r P (R) / 

where V(t) = / ||u|| 2+ i and C is a constant depending only on p and r. 

Jo B p , r p (R) 

Proof. Applying A% = (1 — d xx )~5 to both sides of (2.1) with d = 1 and by a similar method as in 
Lemma T2.151 one can get the estimate. For the sake of conciseness, we omit the details here. □ 

Notations. Since all function spaces in the following sections are over R, for simplicity, we drop 
R in the notation of function spaces if there is no ambiguity. 


3 Local well-posedness 

In this section, we establish local well-posedness of the system (1.2) in Besov spaces. Our main results 
can be stated as follows. 
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Theorem 3.1. Let 1 <p, r < oo, s > max{l + |} and (p 0 , it 0 ) £ R®,. 1 x R®,,. There exists some 

T > 0, such that the system (1.2) has a unique solution ( p , u) in 


(3.1) 


EUT) ± 


C([0j T)\B^- 1 ) x C([0,T);^ ir )nC 1 ([0,T);^- 2 ) x C 1 ([0, T); l?*” 1 ), if r < oo, 

0,(10, T);B^) x O([0,T);^ iOO )nC 0 ' 1 ([0,T);i3^) x C ,0,1 ([0, T); if r = oo. 


Moreover, the solution map S(t) : (po, uo) (S(t)po, S(t)uo) from Bx R® to R® is Holder 
continuous, that is 


(3.2) 

IIpi 


P2II 


L“(0 .T-Bf- 1 ) 


ll u l — ^21| (0,T;Bp( r ) ^ C'dlPl(O) - P2 (O)llsj- 1 + ll Ul (^) - U 2(0)||s| |r ), 


where 9 = s — s' £ (0,1]. 


Remark 3.2. Thanks to Rf 2 = R®, taking p = 2, r = 2 in Theorem \3. 1\ one can get the local well- 
posedness of (1.2) in C([0, T); R® _1 ) x C([0,T);R®) n C 1 ([0, T); ff s_1 ) x C' 1 ([0, T); R®” 1 ), s > §. 

i 3 

Theorem 3.3. Let (p 0 , uo) £ R 21 x There exists some T > 0, such that the system (1.2) has a 
unique solution (p, u) in 

C([ 0 ,T);R| 1 ) x C'([0,T);s| il )nC' 1 ([0,T);S 2 7) x O([0, T); R| 4 ). 


Moreover, 


(3.3) sup ||pi(t)-p 2 (t)|| J 
te[o,T) 


- 1 + sup ||ni(t) — u 2 (t)|| B b' 
te[o,T) 

<C(||p 1 (0)-p 2 (0)|l 


+ IMo)-t t 2 (o)|L* ) ee ^- CT >, 


w/iere 0 = | — s' £ (0,1]. 

Remark 3.4. If p = 0, f/ien Theorem \3.1\ and Theorem \3.3\ cover the local well-posedness results of 
the Novikov equation obtained in mm 


3.1. Proof of Theorem \3.1\ 

In order to prove Theorem 13.11 we proceed as the following steps. 


Step 1 : First, we construct approximate solutions which are smooth solutions of some linear 
equations. Starting for (pi, m) = (Sipo, SiUq) we define by induction sequences (p n , u n ) n > 1 by solving 
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the following linear transport equations: 


(3.4) 


&tPn -\-1 Pn -\-1 — Pn'U'n&x'Urn 

&t’U’n J rl 'U > n^x‘U’n-\- 1 — &xG * (u n 4 “ 2 2 ^nPn* 

(,Pn+l 5 ^ra+l) |t=0 — (^n-f-lPO? ^n+l^o) ■ 


2 G* * ((<9x^n) ^x^nPn); 


We assume that ( p n ,u n ) £ L°°(0,T; i?*” 1 ) x L°°(0, T; Since s > max{l + i,2 — i}, if follows 

that i?*” 1 is an algebra, which leads to p n u n d x u n £ L°°(0,T; B^}) and c^G * (u 3 + § u n (d x u n ) 2 — 
u nPn ) + 5G * ((d x u n ) 3 — d x u n p £ L°°(0,T-, Bp r ). By the theory of transport equations, we obtain 
that (p„+i, Wn+i) £ L°°(0, T ; B^ 1 ) x L°°(0, T ; -Bp jr ). For more details of the existence and uniqueness 
of the above system, one can refer to Chapter 3 in [T]. 


Step 2 : Next, we are going to find some positive T such that for this fixed T the approximate 
solutions are uniformly bounded on [0, T]. We define that U n (t) = / \\u n {t')\\ 2 B“ dt'. 

Jo p ’ r 

If s ^ 2 + i, by virtue of Lemma 12.141 with pi = p, a = s and p\ = p, a = s — 1 respectively, we 
infer that 


(3.5) \\u n +i\\L^(B^ r ) < e CUn ^ ^||5„ + iUo||B» !r 

+ J e -cc/n(t} \\d x G * (u 3 + | u n (d x u n ) 2 - ^ u n p 2 n ) 


2G * (( d x u n f - d x u n p 2 n )\\ B i, tr dt' ), 


(3.6) ||Pn+i|| L «( B »-i) < e CUn{ f) ^US’rj+ipollsi-! + J e CUn ^' ) \\p n u n d x u n \\ B a-idt' 

< e cu ^(\\S n+1 p 0 \\ B ,-, + Gjr t e- c ^-(*')|| />B || fl .- r iK||| ;ir dt' 

Note that the operator (1 — d xx )~ l is a multiplier of degree —2 and G * f = (1 — dxx) -1 /, we deduce 
that 

(3.7) 

\\d x G * (u n + —U n (d x U n ) — 2 U riPra)l|s| r < G(||m^|| S 3-i + ||rtn(l9 a ;M ra ) lls^y 1 + ll^riPnll^y 1 ) 

< Gdlu^ll^-1 + IIUnllBJ-ill^nll^-! + IKHu-- 1 Hpn^-i) 

J-*p,r Pi" J -*p,r Pt r ± ->p,r 

< G(||u„||bs ^ + ll u n||BJ r ||Pri||^-l) 

and 


(3.8) IIG * ((<9 x u n ) 3 ^ 9xWnPn)l|sj r < GdK^Un) 3 !!^ + \\d x u n p 2 n \\ B .-/) 
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< C{\\(dxU n f\\ B s- } + \\d x U nP 2 n \\ B s-i) < C{\\u n f B s r + \\Un\\B°J\Pn\\ 2 B s-i). 

Plugging (3.7) and (3.8) into (3.5), we obtain 

(3.9) \\ u n+l\\ L ™{ B ^ r ) < e CUn ^ r +C j* e~ CUn ^ t '\\\u n \\%a r + \\u n \\B^ r \\Pn\\ 2 B s-l)dt l ' S j , 

which together with (3.6) and Young’s inequality imply that 


(3.10) ll^n+l llL~(B*y 1 ) + || Un+1 \\L^°(B^ r ) < e CUnf ' ^ 


CdlPoH^yi + ||uo||B| ir ) 

+ C f e CUn ( t ^(||Un||s» r + llPnllsJ- 1 ) 3 ^ 
Jo 


where we take C > 1. We fix a T > 0 such that 4C' 3 X’(|| / c>o|| s s— 1 + ||u 0 ||b» r ) 2 < 1 and suppose that 
(3.11) 


VfS[0,T], ||pra|| B »-i + ||Un||B“ < 


C(l|Po|| B *- 1 + ll M o||si J 


< 


C( 11 Po| Is*- 1 + ll^ollsi J 


1 - 4C3(|| P0 || + \\u 0 \\ B s)H .1 - 4C 3 (||p 0 || B »-i + IKIIs; J 2 T 


Since U n (t) = f \\u n (t')\\ 2 RS dt ’, it follows that 

Jo p,r 


(3.12) 


1- 4C3(|| po || +\\ Uo \\ W 


cu n (t)—cu n (t') < j f* + H M °ll fl ;,r) 2 d \ 

- It- 1-4C*(\\po\\ b *-i+\\uo\\ b ,JH I \ 1-4^3(1^11^-, + || U0 || BJ ,J2i> 


(3.13) 


e CU»(t) < exp II t „ C l ! P ° ll ^ 1 + l|M ? llB - ) ;„drl =J 1 


/o 1 — 4C ' 3 (l|Po|| S =-i + IK||bj„) 2 £ 
Plugging (3.11)-(3.13) into (3.10) yields that 

(3.14) 

IIPk+iIIl^B®- 1 ) + ll u n+l||Lf (B« ir ) A 


1 - 4C 3 (||p 0 || B s-i + IIuqUbj ) 2 t' 


< 


i — 4c 3 (||p 0 || B |-i + ||uo||B» r ) 2 £ y 

c '(l|Po|| B «- 1 + II m o||b= ) 


. f CyilmL;-. + ll«olli>j,) 3 „ 

IPoIIbj- 1 + ||wo||b* . + / - -dt 


/o [1 - 40 3 {\\po\\ Bi -i + \\u 0 \\bs JH'] 


H-AC^WpoW^ + WuoWb^H 
Therefore, by induction, we obtain that (p n ,u n ) is bounded in L°°(0, T; B*” 1 ) x L°°(0, T; B^ r ). 
If s = 2 + -. Applying Lemma 12.161 we obtain that 


Up 


Vi+l 


II 1+1 < e CUnW (\\S n+1 p 0 \\ 1+1 + [ e CUn{t ) \\pnUnd x u n \\ i+i dt*\ 

L t “(Sp,r P ) V S p , r p J o B p , r p J 
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<e cu ^(\\S n+lPo \\ 1+i +C 1+1 Ju n \\\ +L dt'), 

V B P ,r P J o Bp,/ / 

Taking advantage of Lemma 12.141 with p\ = p, a = 2 + - and by the similar argument as s ^ 2 + i , 

we deduce that 


IK+lll 2+ I < £ CU n{t) ( ||5' n+lUo || 2 +c/ t e -^( t ')(|| Un || 3 2+i +|| Url || 2+i ||p„|| 2 1+i )dt' 

r P ) V B p ,/ Jo B p , r P B p / B p , r P 

By the same token, we get ( p n ,u n ) is bounded in L°°(0,T; Bp^- P ) x L°°(0, T; ). 


Step 3: From now on, we are going to show that {(/?„, u n )} is a Cauchy sequence in some Banach 
space. For this purpose, we deduce from (3.4) that 


(3.15) 


Ot(Pn+m +1 Pn+l) U n+m^x (Pn+m +1 Pn+l) ( U n+m U n)O x Pn+l T R n 


n-\-m 

2 „,2 > 


n,m 5 
?2 


Of 1 ^rt+l) U n _j_ m 0 X ( 7 / -(-m 4- 1 'li n -^_i) — (^n+m 'U , n)O x 'lL n -\- 1 4~ 


m > 


where Rn,m — Pm+nUm+nOxUn+m PriUnOx^m -^n,m — 0 X G * 4“ 2 

Un{O x U n ) ] + 2 (O^nPn 4" 2 ^ * [(^ ^m+n ) 3 {O x Un)^ 4" d x U n p n . 

By virtue of Lemma l2. 151 with pi = p and using the fact that {(/?„, Un)} is bounded in L°°(0, T; i?*” 1 ) x 
L°°(0,T; r ), we infer that 

(3.16) ||/?n+m+l P^+l II L°° ( 0 ,T;B p y 2 ) — ^ ( II ^n+m+lPO ^n+lPO || B p ~ r 2 

4" J \\( U n+m ~ U n)0xPn+l\\BS-2 + \\R n ,m\\B p - 2 dt^J i 

(3.17) ||r£ n -|_ m -|_i ^^+1 ll_L oo (0,T;B p y 1 ) — 0 (||‘S’n+m+l'^O ^n+l^O ||f$s- 1 

4“ J \\( U n+m ^ U n)0xU n +l\\B^- 1 A \\R nm \\ B s-ldt^j . 
Taking advantage of Lemma 12.71 with a = s — 1 and d = 1, we have 

(3.18) ||(w n+m — u„)9 x p ri -)-i|| s a- 2 < C , ||u„ +m — u n || S 3-i||9 x p„_)_i|| B s-2 

5: ^||Pn+l || B s ~ r , 1 ll^fi+m ^n|| 5 s “ 1 ||^n+m “I” ^n|| 5 s " 1 — ^ ||^n+m ^n|| 5 s ” 1 5 


(3.19) II -^n,m II Bp—j? — ll(P m + n Pn)^n+m^cc , ^7i+m || H - || Pn (^n+ra^c^ri+ra '^n^x'^n) || 2 

A c ( ||Pm+n — Pn|| B p ~ r 2 II u n+mOx u n+m II B p ~p 0~ llPnll^- 1 ||c?a:(ti n _|_ m — u n) lls p y. 2 ) 
— ^(||Pm+n Pn|| B s ~ 2 ll^fi+ra ^n|| 5 s-1 )* 
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Plugging (3.18) and (3.19) into (3.16) yields that 



(3.21) 


2 

'n+m 


^n)^x^"n-\-l || Bp~r^ — 11 || — 1 1| ^n+m H - || ^^ —l || || —1 ^ C r ||'U n _)_ m 'li n ||^s —l. 



(3.22) ||<J| B a-i < C(\\u: 


,3 

'm+n 


^rill 5 p “ 2 II^m+n(^E^TO+n) ^ni^x^n) ll #®” 2 


+ \\Um+ n p m+n u nP n \\gs- r 2 + IK^Um+ra) ( 9 x U n ) || B = -3 + ||<9x'M m +nP rn + r j d x U n p n || B «-3 ). 

Since l?*" 1 is an algebra, it follows that 

(3.23) 

ll u m+n ~ u n\\Bp~ 1 ? — II u m+n ~ u n II Bp~p — ll^m+ra — || B «-i ||w m _|_„ — U m + n U n + U n || B s-i <C||u m + ra — U r 

By virtue of Lemma 12.71 we infer that 

(3.24) 

|| U m +n{^xU m +n) Un(d x U n ) || B s-2 — IK^m+n Un){O x U m +n) IlfJ^y 2 “b II [{^xUrn+n) ( d x U n ) lllspy 2 

— bl (11 Uni+n U n || B s-l II (^xUm+n) || B s-l “1" ||u n || Bp~p II i^x'Um+n) (^xUn) ll B ^“ 2 ) 

— ^W\ u m+n 'Un || Bp~p ”b II ^x'Urri+n &xU n || B s-2 ll^x^m+n “b 9 x U n || Bp ~ r 1 ) — ^ll^m+n 'Un || B ^-l 5 


(3.25) 


IK^r^m+n) (^ xU n ) lls^y 3 || {'Ujn+n Un) [(^xUrn+n) ^xUnn+n^xUn “b {d x U n ) ]|| B s-2 

— 11 (Um+n Un ) || B s-2 H [(^^ m + n ) ^xUm+n^xU n “b [d x U n ) lll^®" 1 ^ C ||^m+n ^^llspy 1 


(3.26) || u m+n p\ 


1 m+n 


U n-Pn\\Bp~r 2 — ll( W m+n u n)Pm+n\\Bp ~ r 2 ”b \\Un(Pm+n Pn)ll_Bpy 2 


— I U m +n M n|| B “y 2 llPm+nll^y, 1 + ||'a n || B s-l ||p m _|_ n P n \\Bp ~ 2 

— b~(||u m -|_ n ^^illijpy. 1 ~b ||Pm+n Pn || B ^— 2 || Pm+n “b Prc|| B s —l) 

bl ^ (|| U m +n U n || gs-l ||Pm+n Pn II Bp ~ r 2 ) ’ 


m+n 
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(3.27) 

|| d x U m +nPm+n — d x U n p n Hb = - 3 £ || dx{ u m+n — M n)Prn+nll_Bp“ 2 II ^xU n {p m +n ~ Pn)\\Bp~ r 2 

— \\dx{Um+n — U n )\\ B s-2\\p m+n \\ g s-i + ||9xMn|| B = -i ||p m +n _ Prills*” 2 

— ^ (ll^m+n U n || BpA II Pm+n Pn || Bp~ 2 II Pnn+n A Pn, II BpA ) 

— (11 ^m+rz. Un || Bp A d" l|Pm+n Pn|| S®” 2 )* 

Plugging (3.23)-(3.27) into (3.22) yields that 

(3.28) ||i?„ im || B »-l < C(WUm+n — U n \\ B s>-l + ||p m+TI — /5 n || s a-2), 
which along with (3.17) and (3.21) leads to 


(3.29) 


\\Un+m+l u n+l\\L°°(0,T;Bp~r 1 ) — ^ 


|| *8n+m+1^0 ^n+l^O || B% 


“f / ||^m+n ^nUfj 3 - 1 “1" ||Pm+n Pn 

Jo p ’ r 



The above inequality together with (3.20) yields that 


(3.30) ||pra+m+l Pn+l 11^00(07’.+ ||u n + m +i u n+l IIloo( 0j J'. s «-1 ) < 

^H^n+m+lPO ^n+lPO || — 1 “t" || ^n+m+lUo *SVi+lUo || B^ r T ^ 11 'W-rriq-ri Un || — 1 T || Pm+n P^lli^ —2^f 

By defining A n ^ m {t) = \\u m+n - u n || B s-i + \\p m+n - p n || s ^-2, we deduce that 

(3.31) A n+ i jm {t) < C^A n +i t m(Q) + J An j m(t')dt , ' S j < C ^2 " + J A n ^ m (t')dt'^. 


Arguing by induction, we get 


(3.32) 


n 


sup 

£<E[0,T] 


dn+l,m(l) A. ^ ^ 

k—0 


(■ CT) k 

(k + 1 )! 


(CT) n+1 
(n + 1)! ’ 


which leads to A niTn (t) — > 0 as n —> oo, Vm £ N. So {(p n ,u n )} is a Cauchy sequence in 
L°°(0,T; Bp~ 2 ) x L°°(0,T; B^ 1 ) and converges to some limit function (p,u) £ A°°(0, T; Bp~ 2 ) x 
L°°(0, T; B^- 1 ). Since (p n ,u n ) is bounded in A°°(0, T; B^}) x A°°(0, T; Bp r ), the Fatou property for 
Besov spaces yields that (p,u) also belongs to L°°(0, T; B^}) x L°°(0, T; B^ r ). An interpolation argu¬ 
ment ensures that (p n , u n ) converges to (p, u) in L°°(0, T ; B^ p 1 ) x A°°(0, T ; B^ r ) with s' < s. Passing 
to the limit in (3.4), we deduce that (p,u) is indeed a solution of (1.2). By virtue of (1.2) and using 
the fact that B^ r ^ C 0,1 , we infer that (p, u ) £ E? . For more details, one can refer to Chapter 3 in [l]. 
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Step 4 : Finally, we prove the uniqueness and stability of (1.2). Suppose that (pi,ui) and (p 2 ,u 2 ) 
are two solutions of (1.2). Hence, we obtain that 

d t {pi - P2) - u\d x (pi - p 2 ) = ( u\ - ul)d x p 2 + piuid x ui - p 2 u 2 d x u 2 , 
d t {ui - u 2 ) - u\d x {u 1 - u 2 ) = {u\ - ul)d x u 2 + R{ut,u 2 ,pi,p 2 ), 


(3.33) 


where R(m, u 2 , pi, p 2 ) = d x G*[u\ - u\ + §[u 1 (d x u 1 ) 2 -u 2 (d x u 2 ) 2 ] + \{u 2 p% - uip \)] + \G* [( d x u 1) 3 - 
( d x u 2 ) 3 + d x u 2 p\ — d x u\pf\. By virtue of Lemma 12. 141 we have 


(3.34) \\ Pl (t) - P2(*)|| s -- a < C ||Pi(0) - P2(0 )|| b .-x 


+ 


J ||(u?(i') - ul(t'))d x p 2 (t , )\\ B s-2 + ||pi {t')u\(t')d x ui(t 1 ) - p 2 (t')u 2 (t')d x u 2 {t')\\ B ^-2dt , 


(3.35) \\u 1 {t)-u 2 (t)\\ B ,-i < C^||ui(0) -u 2 (0)\\ B ‘ ir 

+ f ||(«?(0 - ul(t'))d x u 2 (t')\\ B e-i + \\R(u 1 (t%u 2 (t%p 1 (t'),p 2 (t'm B ^ dt ')- 

By a similar calculation as in Step 3, we get 

(3.36) ||( it 2 - u\)d x p 2 \\ B s -2 + ||pxmdxUi - p 2 u 2 d x u 2 \\ B s -2 < C(||pi - p 2 || B £- 2 + ||wi - m 2 || b =- i ), 

(3.37) ||(u? -v%)d x u 2 \\ B s-i < C||wi-u 2 || B a-i, 


(3.38) \\R(u 1 ,u 2 ,p 1 ,p 2 )\\ B s-i < C(||pi - p 2 || B |-2 + ||mi - u 2 || b «-i). 

Plugging (3.36)-(3.38) into (3.34) and (3.35) yields that 


(3.39) ||pi(i) -p 2 (t)|| B j- 2 + ||ui(i) -ti2(t)|| B »-i < c(||pi(0) - p 2 (0)|| B .-i + |M0) - w 2 (0)|| B 3 r 

+ f \\Pi(t') - P2(t f )\\ B; -2 + IMO - u 2 (t')\\ B ,-idt^ . 

Using Gronwall’s inequality, we get 

(3.40) 

sup ||pi(t)-p 2 (t)|| B «-2 + sup ||tij.(t) — ti 2 (t)|| B «-i < C(||p 1 (0) — p 2 (0)|| B ;-i + ||tti(0) — ti 2 (0)||B= ) 
te[o,T) p ' te[o,r) p ' p ’ 

Taking advantage of the interpolation argument ensures that 


(3.41) 


sup ||pi(t) -p 2 (t)|| a'-! + sup \\u 1 {t)-u 2 (t)\\ Ba ' < C'dlpi(O)-p 2 (0)|| a _i + ||ui(0)-u 2 (0)|| B . ) 
te[o,T) p ’ r te[o,T) p ’ r p ' r p ’ r 

where 9 = s — s' G (0,1]. The above inequality implies the uniqueness. Consequently, we prove the 


theorem by Steps 1-4. 
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3.2. Proof of Theorem \3.3\ 

Now we turn our attention to prove local well-posedness of (1.2) with initial data in the critical space 
B 2,i x B 2,i- 


Step 1: First, we construct the smooth approximate sequence ( p n ,u n ) as in the previous subsec- 

i 3 1 

tion. We assume that (p n ,u n ) € L°°(0,T; Bf x ) x L°°(0, T; Bf x ). Since Bf - t is an algebra, one can 
check that p n u n d x u n e L°°(0, T; Bff) and d x G*(ul + ^u n (d x u n ) 2 -u n p^) + ^G*((d x u n ) 3 -d x u n pl) e 

3 

L°°(0, T; B 2 x ). Taking advantage of the theory of transport equations to (3.4), we obtain that 
(p n+1 ,u n+1 ) e L oo (0,T; J B|,i) x L°°(0,T; B^ f). 


Step 2: By a similar calculation as in Step 2 of the previous subsection . We can find a T satisfies 
4C' 3 T(||po|| i + ||mo|| | ) 2 < 1 such that 

B 2,l B 2,l 

CdlPoll^i + ||mo||s| r ) 

(3.42) 'it e [0,T], ||p„||^i +|K|| a < , 

^ 4 /l — 4C 3 (||p 0 || i +IKII a fT 

D 0 i -£>2 i 


where C > 1 is a constant independent of n and T. 

_i i 

Step 3: We are going to show that {( p n , u n )} is a Cauchy sequence in L°°(0, T- : B 2 f 0 )x L°°(0, T;B£ oc ). 
Applying Lemma T2.141 to (3.15), we have 

(3.43) ||Pn+m+l Pn+1 1| -1 C ( || Sn+m+iPo 'S'n-)-1 11 -1 




T [ ll( u n+m u n)^xPn+l\\ -i + II -5 dt ) 

JO B 2,L B 2,L J 


(3.44) ||^n-t-m+i f C ( || Sn+m+iUo S n +iUo || 1 




By virtue of Lemma 12.81 we deduce that 


T / IK^n+m U n )d x U n + 1|| i 

Jo B 2 . c 


\ B l, m \\ B i dt' 


(3.45) ||( u n+m u n)*JxPn+l\\ C || u n+m H^aPn+l ||^-1 


A C\\u n+m ll n || l 11 ‘On+m T 11 i ||Pn-f-l|| 4 A W n || l , 

B Z R * R ^ R * 

o i ■ LJ o i ±Jr t i ■ LJ o 1 


(3.46) ll^nmll -4 A ||(Pm+n Pn ^^n+m^Jx^n+m || -I T || Pni^n+m^x^n+m ^n^x'^n) || 

’ B 2, i B 2,£, B 2,A 
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C C(||Pm+n Pn\\ - 1 \\lln+mdxUn+m\\ i + ||Pn|| * 11 9x {^n+m u n)\\ - 

Bey __ Bey 1 Bey Bey 


— ^(||Pm+n Pn || -1 4“ 11^. 

5, _ 


I 


77+777 


r 2 
■ d 2.i 


— ^(||Pm+n Pn|| -i 4“ ||^n+m ^n|| i )• 


B. 


2 

2,1 


Plugging (3.45) and (3.46) into (3.43) yields that 


(3.47) ||/?77 + 777+l Pn+l\\ < Cl \\Sn+m+lP0 Sn+lPo|| -I 

B t \ B 2,oo) \ *~*2,oo 


f 


+ / l|Pm-}-7i Pn|| -i + ||^n+m ^n|| A dt 

B n i, B~, 


Using the fact that 1 '-4- B,] ^ f] L°°, we obtain 


(3.48) 


x 77+777 


w n)^® w w+l|| ^ — ^IK^n+m II \( u n+m ^n,) 11 „ i ll^® w ra+l|| ^ 


2 

2,1 


3? 
" > 2,1 


— ^Il^n+m ^nH A 11 ^n+m H - 11 A ||^n+l|| 4 ^ ^H^n+m ^n|| 

B 0 i B 0 B. 


2,1 


Note that ||^G*/|| i < ||/|| iand||G*/|| i < ||/|| _ i . Then, we get 

B 0 * B n + B 0 * Br, + 


(3.49) ||-^n,mll —^(11 u m+n U n\\ 4“ \\ u m+n{dx u m +n) u nipx 


+ || Um+nPm+n u nPn\\ +11 (d x Um+n) 3 (d x U n ) 3 \\ l + || d x U m +nPm+n d x U n (? n || _ i ) ■ 

*-* 2,00 *-*2,oo *-*2,oo 

By virtue of Lemma 12.81 we infer that 

(3.50) ll^m+ra — U n\\ -4 ^ C|| u m+ra — u n II 4 ll u m+n — u m+nU n + U„|| 1 + G||u m _|_ n — U n \\ l , 

hi ^ hi * hi * hi " 


(3.51) 

11 ^ 777 + 77 (^x^ 777 + 77 ) r U J 7i{px'U J Ti) || -1 5: IK^ra+n ^n){px'^ j m-\-n) || -I 4“ ||^n[(^x^m+n) i^x^r 

B 2,L B 2,L 

— ^(||^m+n ^nH A || (dx'U j m-\-n) || -A 4“ ||^n|| A 11(^x^777 + 77) i^x^Ti) || -i ) 

B 2 ,1 B 2,lo B 2,l B 2 ,So 

— ^(||^m+n 'U'n \ | i 4“ ll^x^m+n < ^x'^7i|| -i 11^x^777+77 4“ || ± ) <: ^+11^777 + 77 ^ti|| i 5 


(3.52) 


II (&X ^777+77) (^X^Tl) II -i ^ 11 ^X ('^'777+77 ^77) [(^X^TTl+Tl) ^X^777 + 77^X^77 4“ {0 x U r 


B. 


— ^( || &x (^771+77 ^7l)H -i II [(^X^TTl+Tl) ^x'^TTl+Tl^x'^TL 4“ (^X^Tl) ]|| I ^ C 11 (Um + Tl ^77) 11 i ■) 


2,1 


3 3? 
^ 2,1 
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(3.53) \\ll m + n p rn+n U n p n || l <|| (Wm+n u n)p m +nll +11 u n{p m +n Pn 


2,0 

< ll^m+n — M n || - 1 ||/5 m+n || 1 + ||Mn|| 1 II Pm+n ~ Pn II - 4 


B. 


< C(\\u m + n V-n\\ i + || Pm+n Pn || - i || Pm+n + Pn || A ) 


^ 2,1 


2,1 


+ C(ll^m+n M n|| 1 + ||Pm+n Pn|| -1 ), 


(3.54) 

\\d x U rn + n p rn+n — d x U n p n \\ l < ||9 a; (M rn + n — W„)p m _|_ n || l + ||<9a;lt n (p m _|_ n — p„)|| 1 

B 2,aa B 2,oo ^2,00 

< ||9 a: (w, m + rl — M n )|| l ||p m _|_ rl || l + ||<9 x M ra || l ||p m + n — Pn. 11 -■£ 

Jjr, ^ -Orf •, Dq -D 0 _ 

2,00 2,1 2,1 2,oo 

— C(\\u m + n — U n || l + ||pm+n — p n || l || Pm+n + Pn\\ 1 ) 

«21 B 2,i ®21 

< C* (11 Um+n U n || l + ||pm+n Pn\\ -1 )• 


B, 


Plugging (3.50)-(3.54) into (3.49) yields that 


(3.55) 


|-^n,mll <+(ll M m+n M n|| A + l|Pm+n Pn|| i), 

*-*2,oo *-*2,1 *-*2,oo 


which together with (3.44) and (3.48) leads to 

(3.56) ||'u n -)_ m -)_i ’u n _f_i|| i < C ( || S n -\- m + \uq (S^-i-iUol) i 

i t "(B 2 ,oo) V b 2 2 i00 

+ / 11 Pm+n Pn|| -i + ||^n+m Ai n || i df ) . 

Jo B 2,L n h J 

Hence, we deduce from the above inequality and (3.47) that 


(3.57) ||pm+n+l Pn+l | 


A + ||^n+m+l ^n+l| 




— +* [ H^n+m+lPO ^n+lPoll _ A “HI *Sn+m+lA£o +n+l^o|| i + / ||Pm+n Pn|| -i+||^n+m Ai n || i df 

V B 2,Jo B 2,oo Jo B 2,L B l 1 

Applying Lemma 12.101 to the above inequality, we have 


(3.58) ||pm+n+i Pn+i|| _i ~h ||u n -)_ m -)-i u n _)_i| 


+r(B 2 "i) B r( B loo) 


< c 


f.t ll^n+m u n||^3 

/ 11 Pm+n Pn || -A + II u n+m ~ U n || l ln(e + - [j )dt ), 

Jo B 2 B 2 ,oo || Un+m - U. 


'rI 

^ 2,1 


where a n , m = IlS'n+m+lPo - -S'n+iPoll _ 4 + H-Sn+m+iWo - 5 n+ iu 0 || 1 . Since the function x ln(e+ §) 

B 2,oo B 2,aa 

with c > 0 is nondecreasing, it follows that 
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(3.59) ||pm+n+l Pn+X || -i +||u n +m+l u ra+l|| 1 

l f( b 2,2o) 

— Cl Un,mT I (||Pm+n Pn|| -i Xln\\ I ) 111(6+ 

V j 0 B 2,l B 2 co 


c 


(||Pm+ra Pn 11 — i + || Un+m M n|| A ) 


)dt' 


By defining A n , m (t) = ||p m + n — p n || _i + ||u n+m - u n \\ i , we obtain 


(3.60) 

An+l,m(t) — C ^Gn,m T J A n rn {t ) ln(e + ~ )dt ^ ^ C Xn,m A J An^mit )(1 111 


A n ,m{t') ^ 
C ’ 


Let A n (t) = sup m A n rn (t^ and a n = sup. 


m Uj n,m • 


As the function x(l — In A) is nondecreasing in 


x £ [0, C), we get 

(3.61) A n+1 (t) <c(a n + J* A n (t')( 1 - In ^p-)dt^j , 


which together with Lebesgue’s dominated convergence theorem leads to 
(3.62) 


A(t) = limsup A n+ i (t) < C f A(t')(l — In -pr-)dt. 

n—>oo JQ 


c 


Taking advantage of Lemma [2.121 we deduce that A{t) = 0. In other words {(p n , « n )} is a Cauchy se¬ 
quence in L°°(0,T; B 2 ^)xL°°(0,T; .B| i00 ) and converges to some limit function (p, u) £ L°°(0, T; B 2 ^) x 
1 

L°°(0, T;l? 2oo ) . By the similar argument as in Step 3 of the previous subsection, we verify that 
(p, u) £ C([0, T); iJj x ) x C([0,T); B 2 2 1 )nC' 1 ([0, T); S 2 ^) x C 1 ([0, T); S 2 2 : ) is indeed a solution of (1.2). 


Step 4: Finally, we prove the uniqueness of (1.2). Applying Lemma T2.141 to (3.33), we have 


(3.63) ||pi(t) - p 2 (t)|L_i < Cl || pi (0) — p 2 


uj(t') - ul(t'))d x p 2 (t')\\ _i + \\pi(t')ui(t')d x ui(t') - P 2 (t')u 2 {t')d x u 2 (t')\\ -idt'), 


(3.64) |K(t)-u 2 (t)|| i <C ||ui(0)-u 2 (0)|| i 

^2,oo \ B 2,oo 

+ f ||(u?C0- ul(t'))d x u 2 (t')\\ 1 +11^(0,u 2 (0,pi(0,p 2 (0)ILi dt' 

JO B 2,oo B 2,oo 

By a similar calculation as in Step 3, we get 

(3.65) \\(ul - ul)d x p 2 \\ +\\piuid x ui-p 2 u 2 d x U 2 \\ _ 1 < C(||pi - p 2 || _i+||ui-u 2 || i ), 


(3.66) 


t\-ul)d x u 2 1 | i < C||iii - u 2 || i, 


2 

2,1 
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(3.67) 


||-R(ui,«2,Pi,P2)|| i < Cfllpi -p 2 || i + ||ui - U2|| i )• 


Plugging (3.65)-(3.67) into (3.63) and (3.64) yields that 


(3.68) ||pi(i) - p 2 (t)|| -1 + IM*) - Mt )|| 1 < Cl ||pi(0) - p 2 (0)|| 1 + ||ui(0) - u 2 (0)|| 1 

B 2,oo B 2,oo \ B 2,oo B 2,o 


+ [ \\Pi(t') - P 2 (t')\\ 1 +\\u 1 (t , )-u 2 (t , )\\ 1 dt' 

JO B 2, 00 B 2,l 


Applying Lemma 12.101 to the above inequality, we have 


(3.69) ||pi(£) - P 2 (*)|| s _i + IM*) - u 2 (t) || fl i < Cl ||pi(0) - p 2 (0)|| s _i + ||ui(0) - u, 2 (0)||^i 


+ / t ||pi(t , )-p 2 (OIL-i +||«i(t , )-«2(t , )ILj ln(e + 

JO B 2,oc B 2 .oo 


c 


\\ui{t') - u 2 (t‘ 


orr 1 * 8 ')' 


Since the function a;ln(e + -) is nondecreasing, it follows that 

(3.70) A(t)<c(.m + j‘(A(t')He + A-)dA<c(A(0)+j‘A(t’)(l-h 


m )d , 


where A(t) = ||pi(t) — p 2 (t)|| _i + ||ui(f) — u 2 (t )|| 1 . By virtue of Lemma 12. 121 we verify that 

B 2,L B 2,oo 

||Pl(*) -P2(t)|| _J +||«l(t)-«2(t)||l <C(||P 1 (0)-P2(0)|| _1 +11^(0)-« 2 (0)|| 1 r p {- ct > 

B 2,oo B 2,oo B 2,oo B 2,oo 

(3.71) < C(||pr(0) — p 2 (0)|| i +|| Ul (0)-n 2 (0)|| a )“*- ct >, 




Taking advantage of the interpolation argument ensures that 


(3.72) sup \\ Pl (t)- p 2 {t)\\ s'- 
te[o,T) 2 - 1 


sup ||ui(t) - u 2 (t)|| 


te[o,T) 


Bi\ 


— C(||pr(0) — p 2 (0)|| i +|K(0)-u 2 (0)|| s )^x P{ -c t}j 


d 2,1 


B^ 
^2,1 


where 9 = | — s' £ (0,1]. The above inequality implies the uniqueness. Consequently, we prove the 
theorem by Steps 1-4. 


4 Blow-up criteria 


In this section, we present two blow-up criteria for (1.1). Our first result can be stated as follows. 

i a 

Theorem 4.1. Let ( Po,uq ) £ Bf 1 (R) x Bf i (R) and letT be the maximal existence time of the solution 
(p.,u) to (1.2). Then the solution blows up in finite time if and only if 

r T 


/ Ni)ll£- + |Mi)||j 


11 = 


eft = 00. 


Jo 
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Proof. Applying A j to (1.2) yields that 


(4.1) 


A j pt Ay (>x 'o — Rj A Ay (pii/iix ) - 

A jut — A ju x u 2 = R 2 + A jd x G * (u 3 + § uu 2 — \up 2 ) + |A jG * (u 3 — u x p 2 ), 


Ajp\ t -o AjPo: ^ju\t —o — A^u o? 

where J?j = A j(p x u 2 ) — Ajp x u 2 and i?| = Aj(u x u 2 ) — AjU x u 2 . Multiplying both sides of the first 
equation of (4.1) by Ajp and integrating over R with respect to x, we obtain 

(4.2) ~ [ (A jP ) 2 - [ A jP A jPx u 2 = [ A jP R)+ [ AjpAj(puu x ). 

az z Jr Jr Jr Jr 

Using Holder’s inequality and integration by parts, we deduce that 

(4.3) \\Ajp\\ L 2 < ||Ajp 0 || L 2 +C f ||A i/ 9|| z< 2||u|| L =||u a .|| i0 o + ||1?)|| L 2 + WA^puu^W^dt'. 

Jo 

By the same token, we get 

(4.4) ||Aju||x ,2 < ||AjU 0 || L 2 +C f ||A J M|| i 2 ||u|| i oo||u x || i oo + H^Hl 2 

Jo 

+ IIA jd x G * (u 3 + ^uu 2 x - \u P 2 ) + ^AjG * ( u 3 x - u x p 2 )\\ L 2dt'. 
Multiplying both sides of (4.3) by 2 & and taking / 1 -norm, we deduce that 

(4.5) IMI 1 < llpoll 1 +c /* ||p|| i \\u\\ L ~\\u x \\ L ~ + \\2ii\\R%4p+\\puu4 i dt'. 

B 2,l B 2,\ J 0 B 2,l U 2,l 

By virtue of Lemma 12.61 we obtain 


(4.6) 


\\2^\\R)\\ L 2\\p<C\\p\\^ ||(u 2 )*||l~ <C\\p\\ n i NMKIk* 


' b ^ 

G 2,l 


G 2,l 


Plugging (4.6) into (4.5) yields that 

( 4 - 7 ) IMI ± < llpoll i +C f ||p|| i IMUHKIV + \\puu x \\ i dt' 

B 2,l B 2,l Jo B 2,l B 2,l 

< ||po|| i +c r||p|| i nmMl~ + IMMI(V*II i dt 1 

B 2,l Jo B 2,l B 2,l 

<IIPo|l B i +C f 

B 2,i Jo 


K l« + 


MU-IMI ft dt'. 


Multiplying both sides of (4.4) by 2^ and taking Z 1 -norm, we infer that 


(4.8) INI 3 < Noll a +c H f NU-IKIU- +112^11^11^11,1 

B 2,l M 2,l Jo U 2,l 

+ IU 3 II± + IIVIU +11VII i +V|| i 

B 2,l B 2,l B 2,l B 2,l 


\WxP 2 \\ 1 dt'. 

JDr, -| 


23 





4 BLOW-UP CRITERIA 


By virtue of Lemma 12.61 we get 

(4.9) <CW a ||( U 2 ) X || L . <C\\u\\ 3 |MMKIU~- 




Plugging (4.9) into (4.8) yields that 


(4.10) 


IMI 3 < ||u 0 || 3 +C f ||u|| 3 ||u||l»||u x ||loo 

B 2,l B 2,l Jo B 2,l 

+ ll u3 ILi +\\uu 2 x \\ i +IIVII i +||^|| i 

B 2,l B 2,l B 2,l B 2,l 

<ll«o|| 3 +c f\\u\\ 3 (IHII^ + IKII) 

B h Jo B h 


\\uxp 2 \\ i dt' 


\b 


+ IML* IMk~(IMU~ + IKIU«)^'- 

B 2,l 


Combining (4.7) and (4.8), we have 

(4.11) 

IMI ± +M* <||poll i +IKII a +c A||m|| 3 +||p|| i )(Nl!~ + IKIIi~ + IMIi~)<*'- 

B 2,l B 2,l B 2,l B 2,l JO B 2,l B 2,l 

Taking advantage of Gronwall’s inequality, we get 

(4.12) |MI i +IML| <(IIpo|Ij +IKIL f )ex P {/ t c(Hi» + || Ul ||i- + |Mli-)di^ 

B 2,l B 2,l B 2,l B 2,l JO 

Therefore, if T < oo satisfies that / Q T ||u||z,°° + ||u x |||oo + |M| 2 oodt' < oo, then we deduce from (4.12) 
that 


(4.13) 


limsup(||p(t)|| i + \\u{t)\\ 3 ) < oo, 

t->T S 2 i ®2 i 


which contradicts the assumption that T is the maximal existence time. □ 

Remark 4.2. Following the similar proof of Theorem \4- 1\ one can obtain the same blow-up criterion 
for (1.2) with initial data (po,uo) satisfies the condition of Theorem, \S.1\ 

In order to obtain the second criterion, we need to draw a support from the following ordinary 
differential equation: 

= - u 2 (t,$(t,x)), 

$(0, x) = x, 


(4.14) 


for the flow generated by —u 2 (t,x). Since u £ C([0, T); BfO ^ C([0, T);Lip), it follows that u 2 £ 
C([0, T);Lip). Applying classical results in the theory of ordinary differential equations, one can obtain 
the following lemma. 
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Lemma 4.3. Let (po,wo) £ _B 21 (R) x -®2 l(^) an d let T > 0 be the maximal existence time of 
the corresponding solution ( p,u ) to (1.2). Then (4-1)) has a unique solution $ £ C 1 ([0,T) x R;R). 
Moreover, the map 4>(t, •) is an increasing diffeomorphism of R with 

—2 uu x (s,&(s,x))ds^J > 0, V(f,cc) £ [0,T) x R. 

Now we introduce two conservation laws for (1.2) which are crucial to obtain our result. 

1 3 

Lemma 4.4. Let (po,uo) £ 1? 2 2 1 (R) x 1? 2 2 1 (R) and let T be the maximal existence time of the solution 
( p,u ) to (1.2). Then for all t £ [0, T), we have 

(4.16) I u 2 (t) + u 2 x {t)dx = / Uq + UQ X dx, / p 2 (t)dx= / p^dx. 

J M. J M. J M. J M 

Moreover, ||«(t)||z,oo < C\\u(t)\\ H i = C'H^oll^i. 


(4.15) 


<b x {t,x) = exp 


Proof. Arguing by density, it suffices to consider the case where (p,u) £ Cq°(R). Taking advantage of 
( 1 . 1 ) and integration by part, we deduce that 


(4.17) 


and 

(4.18) 


dt 


u 2 +u 2 ax = 


dx = 2 [ um t dx = 2 f 3 u x u 2 m + u 3 m x - up(up) x dx 

Jr Jr 

= / 2 (u 3 m) x - [(pu) 2 ] x dx = 0 

Jr 


d_ 

dt 


p 2 dx = 2 




= 0 . 


□ 


Thanks to the above lemmas we have the following result. 

1 3 

Theorem 4.5. Let (po,uo) £ Bf \ (R) x Bf 1 (R) and letT be the maximal existence time of the solution 
( p,u ) to (1.2). Then the solution blows up in finite time if and only if 

lim sup sup MMa, (t, a;) = +oo. 
t-vT igl 

Proof. By virtue of (1.2), we infer that 

(4.19) ^p(i, x)) = puu x (t , $(t, a:)), 

which leads to 

(4.20) p(t,$(t,x)) = poeti '*«.(».*(».*)))«*». 
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Assume that the solution (p, u) of (1.2) blows up in finite time (T < oo) and there exists a constant 
M > 0 such that 


(4.21) 

Thanks to Lemma T4.31 we obtain 


sup uu x (t , x) < M. 

X^M. 


(4.22) ||p(i, OIU- = II Pit, *(i, -))IU- < ||po||iooe MT < (X). 

By differentiating the second equation of (1.2) with respect to x, we deduce that 

1 311 

(4.23) u xt = u 2 u xx + -uul - u 3 + up 2 + G * ( u 3 + -uu 2 x - -up 2 ) + -d x G * ( u 3 x 


u x p ), 


which leads to 


(4-24) = \ uu ^ $ (f, x )) “ $(f, a;)) + up 2 (t, 4>(f, a;)) 

+ G*(u 3 + | uu 2 x - ^up 2 )(t, $(i, a;)) + \d x G * ( u 3 x - u x p 2 )(t } $(t, x)). 

Integrating over [0, t] with respect to t, we get 

d i 

(4.25) u x {t,$(t,x)) =u 0tX + / -uu 2 x (s,$(s,x)) - m 3 (s, $(s, a’)) + wp 2 (s, $(s, x)) 

3 1 1 

+ G * (u 3 + -uul - 2 U P 2 )( S ’ $ (s, x)) + -d x G * {u 3 x - u x p 2 )(s, <L(s, x))ds. 
By virtue of Lemma 14.41 we see that 

(4.26) G* (u 3 + ^uul ~ ^p 2 )(t,$(t,x)) = \ J^ e ~^ {t ’ x) ~ vl (u 3 + | uu\ - t up 2 ){t,y)dy 

< ||«||l<«(||w||j?i + IIpIU 2 ) < C'||wo||fl-i(||wo||Hi + IIpoIU 2 ), 

(4.27) d x G * (u 3 x - u x p 2 )(s , $(s,x)) < ||ux||l‘»(|M| i?i + ||p||l 2 ) < ||u*||i,«>(||uo||j?i + ||po||l 2 )- 
Plugging (4.21), (4.22), (4.26) and (4.27) into (4.25) yields that 

(4.28) 

/■* m 

u x {t,${t,x)) < u 0 ,x + J (— + lluollffi + lido ||l 2 ) \\u x ||l°° + C||«o1| m [|| «o || m + ||po II i 2 (1 + e MT )\ds. 
Taking advantage of Gronwall’s inequality, we deduce that 

(4.29) II^Hloo < ||| U o,x|| i oo+CT|| U o|| ff i[||«o|| ff i + ||po||L 2 (l + e MT )]Je^ + ll“°ll^ + l^l^) T <oo, 
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which contradicts to Theorem 14.11 

On the other hand, by Theorem 14.11 and Sobolev’s embedding theorem, we see that if 

lim sup sup uw, x (t, a:) = +oo 
t-yT xeJR 

then the solution (p, u) will blow up in finite time. This completes the proof of the theorem. □ 

Remark 4.6. If (po-,uo) € L 2 x H 1 and satisfies the condition of Theorem lff.ll one can also obtain 
the same blow-up criterion for (1-2). 

Remark 4.7. If p = 0, then Theorem \4-5\ covers the recent results for the Novikov equation in E3EZP- 
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